Let A 2 Ä .C n / and A 1 , A 2 be the unique Hermitian operators such that A D A 1 C i A 2 . The paper is concerned with the differential structure of the numerical range map n A : x 7 ! .hA 1 x; xi; hA 2 x; xi/ and its connection with certain natural subsets of the numerical range W .A/ of A. We completely characterize the various sets of critical and regular points of the map n A as well as their respective images within W .A/. In particular, we show that the plane algebraic curves introduced by R. Kippenhahn appear naturally in this context. They basically coincide with the image of the critical points of n A .
Introduction
Let C n be the standard n-dimensional unitary space equipped with its usual inner product hÐ; Ði and norm k Ð k. By Ä .C n / we denote the space of all linear operators of where S.C n / D fx 2 C n j kxk D 1g, known as the numerical range or the field of values of A. This set has been studied extensively (see, for example, [6, 7, 8, 10, 12, 13, 14] ) for it reflects certain important properties of A.
One of the main results concerning the geometrical shape of W .A/ is due to Kippenhahn [10] (see also [13] and [6] ). His investigations in 1951 revealed that the numerical range of A coincides with the convex hull of a certain plane algebraic curve C A associated with A.
On the other hand, the numerical range W .A/ is the image of the Rayleigh quotient R A : x 7 ! hAx; xi hx; xi , for x 6 D 0, of A. As W .A/ D R A .S.C n //, this yields, for example, that W .A/ is always closed and bounded (see, for example, [12, Section 6.6] ). However, more attention has been given to the Rayleigh quotient for its differential properties. It is well-known that R A has a stationary value if and only if the operator A and its adjoint A Ł have an eigenvector in common. In particular, all eigenvectors of A occur in this way if and only if the operator A is normal (see, for example, [14, Section III.18] ). In this case, the set of stationary values of R A coincides with the curve C A associated with A as both consist precisely of the n eigenvalues of A. This suggests a possible link between the differential structure of R A and the geometrical shape of W .A/, especially the curve C A .
The aim of this paper is to investigate this connection for an arbitrary (that is, not necessarily normal) operator A 2 Ä .C n /. As in [8] , we consider the numerical range map n A : S.R 2n / ! R 2 of A which is given by n A . p; q/ D .hA 1 . p C iq/; p C iqi; hA 2 . p C iq/; p C iqi/ for all . p; q/ 2 S.R 2n /;
Here, A 1 and A 2 are the uniquely determined Hermitian operators in Ä .C n / such that A D A 1 C i A 2 . By identifying a point . p; q/ 2 R n ð R n ¾ D R 2n with the vector p C iq 2 C n , the map n A can be viewed as the Rayleigh quotient of A restricted to S.C n /. Following the approach in [8] , we split the domain S.R 2n / of n A into the three subsets 6 0 .A/, 6 1 .A/ and 6 2 .A/. Here, 6 j .A/ is the set of all points . p; q/ 2 S.R 2n / such that the derivative n 0 A . p; q/ of n A at . p; q/, which is a linear map from the .2n 1/-dimensional tangent space to S.R 2n / at . p; q/ into R 2 , has rank j . A new characterization of the sets 6 j .A/ in terms of properties of the operators A 1 and A 2 then allows to extend and refine the results in [8] . For example, it turns out that n A .6 2 .A//, in fact, coincides with the interior of W .A/. However, our main result is that the image of the critical points of n A , that is, the points where n 0 A does not have the full rank, consists precisely of the curve C A together with all line segments joining points on C A at which C A has the same tangent. This confirms the link between the differential properties of n A and the shape of W .A/.
The numerical range map
Let A 2 Ä .C n /. We define Hermitian operators A 1 and A 2 in Ä .C n / as
these are the unique Hermitian operators subject to By N A we denote the map
Because A 1 and A 2 are Hermitian, both hA 1 x; xi and hA 2 x; xi are real numbers for every x 2 C n . It follows that
As the maps . p; q/ 7 ! hA j . p C iq/; p C iqi for j D 1; 2 are polynomials in the coordinates of p and q with coefficients in R, it is clear that
2n is the linear map from R 2n into R 2 specified by the condition 
This is an immediate consequence of the representation of n 0 −Þþ .A/ .y/. It follows that
The proposition below already characterizes the set of all critical points of n A . 
which can be written as
because c and s are real numbers. However, since
it follows that condition (1) 
As a simple consequence of the results above and the fact that multiplication by a complex number Þ leaves the (complex) eigenspaces of an operator B 2 Ä .C n / invariant, we obtain for the derivative of n A at any of the points
In particular, if . p; q/ 2 S.R 2n / is a rank 0 (rank 1) critical point of n A , then for every
Our main concern in this paper is the connection between certain subsets of the numerical range W .A/ of A or, more precisely, of
, and the differential structure of the numerical range map n A . A first result in this direction was Corollary 2.5. There we have seen that n A .6 0 .A// is the set of joint eigenvalues of the pair .
Suppose . p; q/ 2 S.R 2n / is a point such that n A . p; q/ belongs to the boundary 
; xi is the maximum or minimum of the set fh.c A 1 C s A 2 /z; zi j z 2 S.C n /g. It follows that x is an eigenvector of the operator c A 1 C s A 2 . Combining this well-known fact (see, for example, [2, Proposition 2.1]) with Proposition 2.4 yields the subsequent result.
REMARK 2.9. In the case that A 2 Ä .C 2 /, the inclusion of Lemma 2.8 becomes, in fact, an equality (see also [8, Proposition 4] As an immediate consequence of Lemma 2.8 we obtain that J 1 Ž n A maps all regular points into the interior W .A/ o of W .A/ (see also [8, Proposition 2] ). However, as shown below, an even stronger result holds. We make use of the following fact. REMARK 2.10. Let X be a non-trivial k-dimensional subspace of C n with the induced norm and inner product, and let P be the orthogonal projection of C n onto X. By Q X we denote the 2k-dimensional subspace J 1 n .X/ of R 2n corresponding to X. Then the operator P Aj X obtained by restricting the operator P A to X, belongs to Ä .X/, and P A 1 j X and P A 2 j X are the unique Hermitian operators in Ä .X/ such that
The numerical range map n P AjX of P Aj X is a smooth map from the unit sphere S. Q X / of Q X into R 2 . In fact, n P AjX is the restriction of n A
It follows that the derivative n 0 P AjX .y/ of n P AjX at a point y 2 S. Q X / is the restriction of n 0 A .y/ to the tangent space T y S. Q X / of S. Q X / at y. That is, the linear map n
We write l c;s;½ for the line A .f¼ j g/ and put x j D p j C iq j . Note that, by Lemma 2.8 and the choice of l 1;0;½0 , the two points . p 1 ; q 1 / and . p 2 ; q 2 / belong to 6 1 .A/. Let X be the 2-dimensional subspace of C n spanned by the vectors x 1 and x 2 . Then, using the notation of Remark 2.10, the numerical range J 1 1 .W .P Aj X // of P Aj X is either an ellipse or a line segment.
If
is an ellipse, then, by Remark 2.9, its interior is the image of the set of regular points of n P AjX . In particular, there exists a regular point
Suppose J 1 1 .W .P Aj X // is a line segment. More precisely then, it is the line segment joining the points ¼ 1 and ¼ 2 and contained in the line l 1;0;½0 . This implies
contains at least the line l 1;0;0 . If l 1;0;½0 6 2 L, then we can deduce from Proposition 2.4 that every point . p 0 ; q 0 / 2 n 1 P AjX .f¼ 0 g/ is a regular point of n A . Hence, assume that l 1;0;½0 2 L. Since P A 2 j X is Hermitian and ¼ 1 6 D ¼ 2 , the vectors x 1 and x 2 are eigenvectors of P A 2 j X and form an orthonormal basis of X. Thus, a point . p; q/ 2 n 
The worst case in the proof of Proposition 2.11 is indeed possible, that is, it can happen that every line through an interior point which is the image of a critical point, belongs to L and that the corresponding operator P Aj X has a segment of the line for its numerical range. We illustrate this with an example. The numerical range W .A/ of A is the ellipse f½ 2 C : 2.Re ½/ 2 C .Im ½/ 2 Ä 1g, and the numerical range map n A is given by
A direct calculation shows that 6 1 .A/ consists of the two sets Any line l through the point .0; 0/ 2 R 2 has a representation In the remaining part of the paper, we will have a closer look at the image of the rank 1 critical points of n A . Motivated by the observations of Remark 2.7, we take a geometric approach.
Geometric properties
Let K 2 fR; Cg and m 2 N. The Grassmannian G m;k K is the set of all kdimensional K-subspaces of the vector space K m . It is a compact analytic K-manifold of dimension .m k/k. The space G m;k K has a natural topology which is induced by the differential structure of the manifold. This topology is, for example, determined by the metric h on G m;k K with
The metric h corresponds to the Hausdorff metric (see [5, 4.5 .23]) on the set 
It follows that u ³ 2 G m;m 1 K. Using the polarity ³ we can also introduce homogeneous coordinates on As kxk 6 D 0 for x 6 D 0, we infer that the image of ¹ A is contained in an affine subplane F of PG.R 3 / with the point set f.Þ 1 :
By Remark 2.7, the numerical range map n A from S.R 2n / ¾ D S.C n / to R 2 factors through the projective space PG.C n /. The factoring map is given by ¹ A . More precisely, we have
where ¦ : S.R 2n / ! G n;1 C is the map ¦ . p; q/ D C. p Ciq/ for all . p; q/ 2 S.R 2n /.
A non-empty subset C of G 3;1 K is called a plane K-algebraic curve if it is the zero locus of a homogeneous 3-variate polynomial over K. We note that the defining polynomial of C is not uniquely determined; for example, if f defines the curve, then so does f k for any k ½ 1. A curve is said to be irreducible if it has an irreducible defining polynomial. Since a polynomial ring over a field is a unique factorization domain, each algebraic curve C is the union of finitely many irreducible curves. If C 1 ; : : : ; C k are the irreducible components of C with irreducible defining polynomials f 1 ; : : : ; f k , then the polynomial f D f 1 Ð Ð Ð f k is a defining polynomial of C of minimal degree. We call f a minimal polynomial of C. It is unique up to a constant factor. Note that an irreducible real algebraic curve is not necessarily connected.
Let C D fu 2 G 3;1 K j f .u/ D 0g be an algebraic curve and let f be a minimal polynomial of C. A point u 2 C is called singular or a singularity of C if .@ f =@u j /.u/ D 0 for j D 1; 2; 3. Observe that C has only finitely many singular points. These are the singular points of the irreducible components of C together with the points of intersection of any two of these components. A non-singular point u 2 C is called a simple point of C. The curve C is the topological closure of its simple points. Also, if u 2 C is simple, then there exists a neighborhood of u in which C admits a smooth parameterization.
Let C be an irreducible plane algebraic curve and f be its minimal polynomial. At each simple point u 2 C, we have a unique tangent line to C which is given by
If C is not a projective line or a point, then it is well known that the set f.Ì u C/ ³ j u 2 C simpleg is contained in a unique irreducible algebraic curve C Ł , the so-called dual curve of C. As an algebraic curve has at most finitely many singularities, the dual curve is the topological closure of the set f.Ì u C/ ³ j u 2 C simpleg. We have C ŁŁ D C. If C is a projective line, then f.Ì u C/ ³ j u 2 Cg consists of a single point u in PG.K 3 /. In this case, we set C Ł D fug and define C ŁŁ to be the image under ³ of the set of all lines in PG.K 3 / which pass through u. Then again we have C ŁŁ D C. The dual curve of a general plane algebraic curve C is the union of the dual curves of its irreducible components. In particular, C and C Ł have the same number of irreducible components.
Naturally, the general theory of real algebraic curves differs quite a bit from the complex theory. However, the above statements on the duality of real algebraic curves immediately follow from the corresponding statements in the complex case.
The details and further information on complex algebraic curves can be found, for example, in [16] . The literature for the real case is somewhat less easy to access. As a general reference to the theory of real algebraic geometry, see [3] .
Let A 2 Ä .C n /. We define an algebraic curve C A in the real projective plane by setting its dual curve to be
We write f A for the defining polynomial of D A , that is, f A .c; s; ½/ D det.c A 1 C s A 2 C ½I / for .c : s : ½/ 2 G 3;1 R, and denote the minimal polynomial of D A by m A .
Kippenhahn [10] 
that the convex hull co.C A / of C A is exactly the image of ¹ A , that is, − .co.C A // is the numerical range of A. Note that C A and D A are the real parts of the curves in PG.C 3 / considered in [10] . Our aim is to show that the curve C A itself is contained in the image under
Every point u 2 D A has a representation .cos ' : sin ' : ½/ for some ' 2 [0; ³/ and ½ 2 R. As u is a zero of f A , it follows that ½ is an eigenvalue of the operator
LEMMA 3.2. Let the map 
PROOF. The map is a regular analytic function from R into the Hermitian operators on C n . We can thus apply [15, Satz 1] and obtain the functions ½ j .Ð/ and x j .Ð/ with the desired properties.
For ' 2 T we can express ½ j .'/ as h .'/x j .'/; x j .'/i. Then
The continuity of
we can apply the results of Section 2 to the third limit. Let P 1 : R 2 ! R be the projection onto the first coordinate and let p. ' 
where o is the Landau symbol. Since x j .' 0 / is a joint eigenvector of the pair . .' 0 /; 0/, it follows by Corollary 2.5 that n
We can now prove the first main result in this section. 
By Lemma 3.2, there exists a regular analytic function x : 
Its image under ³, that is, the point . (2)). In particular, the duality of C A and D A yields that K is the set f.hA 1 
It follows that the r vectors x j .' 0 /, which form an orthonormal basis of E, belong to .J n Ž n 
On the numerical range map 281 .' 0 /P 0 .' 0 /S 0 .' 0 /P Ð with P and S as above. This completes the proof.
Note that k 0 is allowed to be infinity; this situation will occur, for example, if f.u 0 ; v 0 ; 1/g is a component of C A . 
REMARK 3.8. Proposition 3.6 yields in particular the curvature of the numerical range W .A/ at certain boundary points. Let .u 0 ; v 0 / 2 @ W .A/. If there exists a supporting line l c;s;½ to @ W .A/ at .u 0 ; v 0 / such that .c; s; ½/ is a simple point of D A , then the curvature of @ W .A/ at .u 0 ; v 0 / is given by the formulas above. A sufficient but not necessary condition for .c; s; ½/ to be a simple point of D A is that ½ is a simple eigenvalue of the operator c A 1 C s A 2 . In this case, our formula for k 0 is the reciprocal of the corresponding formula for the radius of curvature derived from [6, Theorem 3.3] . Thus, Proposition 3.6 is the natural generalization of [6, Theorem 3.3] .
